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Abstract 
Let D = (V, A) be a digraph without loops and multiple arcs of order n > 2. We say that D is 
embeddable if there is a permutation 4 : V + V (called compiementiny permutation) such that 
(4(x), 4(y)) 4_ A for every arc (x, v) E A. In this paper we prove that if‘ / A / < 13(n - 2)/2] then 
D is embeddable and, moreover, there is a complementing permutation which is a composition 
of disjoint transpositions when n is even or a composition of disjoint transpositions and a fixed 
point when n is odd. 
We consider only finite digraphs and graphs without loops and multiple arcs and 
edges. Our terminology and notation are standard unless otherwise stated. The size of 
a digraph D will be denoted by e(D). A digraph D = (V,,A) (graph G = (V, E)) is said 
to be embedduble in its complement, briefly: embeddable, if there is a permutation 4 : 
V + V such that (4(x), 4(y)) 4 A (xy $ E) for every arc (x, y) E A (edge xy E E). 
The permutation 4 is then called a complementing permutation of D (G, respectively). 
A digraph D is said to be self-complementary if it is isomorphic to its complement 
0, i.e. when there is a complementing permutation which is an isomorphism of the 
digraphs D and 0. 
The problem of finding the maximum number f(n) such that every undirected graph 
of order n and size at most f(n) is embeddable has been independently solved by 
Bollob6s and Eldridge [2], Burns and Schuster [3], Ganter et al. [6] and Sauer and 
Spencer [7] who proved the following: 
Theorem 1. Every graph G of order n and size at most n - 2 is embeddable. 
In fact, the authors of [2,6,7] proved stronger results implying Theorem 1. Moreover, 
all graphs of order n and size n - I which are not embeddable have been given in 
[4,6]. Faudree et al. [5] characterized all non-embeddable graphs of order and size n. 
Much less is known about digraphs. In [l] the following has been proved: 
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Fig. 1. The exceptional digraph for Theorem 3. 
Theorem 2. Every digraph 
complementary digraph. 
of order n 2 3 and size at most n is contained in a self- 
0 I 
It is evident that a digraph contained in a self-complementary digraph is embeddable. 
Theorem 2 is far from the expectation formulated in [l]. 
Conjecture 1. Every digraph of order n and size at most 2n - 3 is contained in a 
self-complementary digraph of order n unless n is even and D is isomorphic to the 
digraph D’ or its converse, where D’ is defined by V(D’) = {XI,. . . ,x,} and E(D’) = 
{wz, x1x3,. . .Y XI&z-2, (X1,&-1), (Xl,&), (&J-1,%2)). 
Lemma 1 (Benhocine and Wojda [l]). Let D = (V,A) be a digraph of order n. Then 
D is contained in a self-complementary digraph of order n if and only if there exists 
a permutation C$ of V whose cycles are even (except one ot length one if n is odd) 
such that (c$*“‘+’ (x), 4*“‘+‘(y)) q! A for every (x, y) E A and for every integer m. 
We announce the following: 
Theorem 3. Every digraph D = (V,A) of order n 2 2 and size at most 3(n - 2)/2 is 
embeddable. Moreover, when D is not isomorphic to the vertex disjoint union of a 
2-cycle and an arc (see Fig. 1) then there is a complementing permutation $ of D 
whose cycles are disjoint transpositions, except one which is a jixed point when n is 
odd. 
Observe that, by Lemma 1, every digraph D of order n B 2 and size at most 
3(n - 2)/2 is contained in a self-complementary digraph. 
Our purpose is to prove Theorem 4 which is a slightly weaker version of Theorem 3. 
In this way we avoid studying a big number of cases when we obtain the exceptional 
digraph by removing some arcs from a considered digraph D. 
Theorem 4. Every digraph D = (V, A) of order n > 2 and size less than 3(n - 2)/2 is 
embeddable and there is a complementing permutation of D which is a composition 
of disjoint transpositions when n is even or a composition of disjoint transpositions 
and a fixed point when n is odd. 
Proof. The arc with beginning vertex a and end vertex b will be denoted by (a, b). 
By <a, b > we denote an arc (a, b) or (b, a). We say that arcs ta, b > and <c, d > 
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have the same orientation if either (a, b) E A and (c,d) E A or (b, a) E A and 
(d,c) E A. Otherwise we say that <a, b> and <c,d > have the opposite orientation. 
For brevity we call t-permutation of D the complementing permutation of D which is 
a composition of disjoint transpositions except one which is a fixed point when n is 
odd. 
The proof is by induction on n. If W c V, then D - W is the subdigraph of D 
induced by V - W. We distinguish several cases and subcases in each of which we 
find a subset W of vertices of D such that the graph D’=D- W verifies the assumptions 
of Theorem 4, i.e. D’ has a t-permutation (T’. We extend cr’ to a t-permutation o of D. 
The reader may easily check that Theorem 4 is true when 2 d n < 5. So let us 
suppose that n 2 6, D is the digraph of order n and size less than i(n - 2) and the 
theorem is true for the digraphs with order less than n. 
Without loss of generality we may assume that e(D) = 1[3(n - 2) - 1]/2J. 
We often use the following formulas: 
(2) 
Lemma 2. If there is an isolated vertex (i.e. a vertex of degree 0) in D then there 
is a t-permutation of D. 
Proof. Let x0 be an isolated vertex of D. The reader may easily check that there is a 
vertex XI in D such that d(xl, D) 2 3. Then D’ = D - {xo,xt }, o = (x0,x1 )a’. CI 
So, from now on, we shall assume that 6(D) 3 1. 
Lemma 3. If there is a vertex x0 of D such that d(xo,D) = 1 then there is a t- 
permutation of D. 
Proof. We assume that d+(xo, D) = 1 and d-(x0, D) = 0 (the case when d-(x0, D) = 1 
is similar). If n is odd then, by the induction hypothesis, there is a t-permutation 0’ 
of D’ = D - {x0} and, clearly, 0 = (x0)0’ is a t-permutation of D. So let us suppose 
that n is even. Let xi be the neighbour of x0. We consider three cases. 
Case 1: d(xl,D) 3 3. 
Then D’ = D - {x0,x1 } and 0 = (x0,x, )a’. 
Cuse 2: d(xl,D) = 2. 
Denote by x2 the second neighbour of XI. We distinguish four subcases. 
Subcase 2.1: d(xz,D) > 4. 
If x2 is the neighbour of all the vertices of D- (x0, XI, x2) then one of them has to be 
of degree 1 we have Case 1. Otherwise there is a vertex x3 E (x0, xi, x2) nonadjacent 
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Fig. 2. CJ = ~x~,xz~~xo,x~~~x~,x~~ 
with x2. Then e(D - {xa,xi, x2, x3)) <3((n - 4) - 2)/2 and for any t-permutation cr’ 
of D’ = D - {xg, XI, x2, x3} CJ = (x0, x3)(x1, x2)u’ is a t-permutation of D. 
Subcase 2.2: d(xz, D) = 3. 
The reader may check that if all neighbours of x2 have their degree less than or 
equal to 2 and all the vertices nonadjacent with x2 have degrees at most 1, then II d 6. 
For n = 6 we obtain either Case 1, or D is a digraph from Fig. 2. 
If there is a vertex x3 in D- {XO,XI,XZ} which is not adjacent to x2 and d(x3,D) 3 2 
then we repeat the arguments of the Subcase 2.1. 
So we may suppose that all vertices nonadjacent with x2 have degree 1. If there is 
a vertex x3 in D - {x0,x1,x2} adjacent to x2 by a symmetric edge then x3 has degree 
at least 3 and is the neighbour of a pendent vertex. We apply Case 1. 
If the arc joining x2 with x3 is antisymmetric, where x3 is a vertex of degree at 
least 3, then one of the permutations, (xi, x2)(x0, x3)8’, (x0, x2)(x1, x3)cr’ extends o’ to 
a t-permutation of D for every t-permutation 0’ of D - (x0, XI, x2, x3). 
Subcase 2.3: d(xz,D) = 2. 
Let x3 be the neighbour of x2 in D- {x0,x1 ,x2}. Suppose first that either d(y, D) 2 4, 
y =x3, or there is a vertex y E V(D) - {x1,x3} such that d(y,D) 3 3. Then e(D - 
{xo,x~,x~,~}) t3(n - 6)/2 and by the induction hypothesis there is a required t- 
permutation o’ of D - {xo,x~,x~, y}. The reader may check that then one of the per- 
mutations (T = (x1,x2)(x0, y)a’ or CJ = (xa,xz)(xi, y)o’ is a t-permutation of D. Assume 
that d(xg, D) < 3 and d(y,D) < 2 for any y which is not adjacent with x2. Then, 
3(n - 2) - 1 = 2 e(D) d f $d(x,) + 2(n - 4) = FI 
n-0 > 
and therefore n E {6,8}. Let n = 8. Because of degrees of vertices of D - {x0,x1,x2,x3} 
we have d(x3, D) = 3. Let us denote by H the complement of the underlying graph of 
D’=D-{xo,x~,x~,x~}. Let us suppose that H has a hamiltonian pathP=(ya,yi,yz,y3). 
We may assume that ys is not joined with x3 by any symmetric arc. Then o = 
(x0, yo)(xl, yl)(x~, y2)(xsry3) is a required t-permutation of D. So let us suppose that 
there is no hamiltonian path in H. Observe that then H is either a star K1,3 or the 
union of a triangle and an isolated vertex, K3 UK,. Then D’ is either the union of an 
oriented triangle and an isolated vertex or an oriented star. The second case is impos- 
sible because then the center of the star has degree at least 3. If D’ is the union of a 
triangle and an isolated vertex y then x3 has to be joined with y by a symmetric arc. 
The reader will easily find a t-permutation of D. The case n = 6 is left for the reader. 
Subcase 2.4: d(x2, D) = 1. 
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If there is a vertex x3 such that d(xs, D) 3 4, then we may find a t-permutation 
cr’ of D - {x~,x~,x~,x~} and r~ = (xa,xi)(x2,xs)cr’ is a t-permutation of D. The reader 
may easily check that if there is a vertex of degree 1 then we have one of the cases 
considered above. It is also easy to see that otherwise D - {xo,xI,x2} has n - 6 
vertices of degree 3 and three vertices of degree 2. If y1 2 12 then there are two 
nonadjacent vertices of degree 3 in D. Moreover, if n = 10 and any two vertices of 
degree 3 are adjacent then D - {x0,x1,x2} is the vertex-disjoint union of a tournament 
Td and a triangle. So for n 3 10 we may choose three vertices a, b and L’ of D - 
{x0,x1,x2} such that d(a,D) = d(b,D) = 3 and c is nonadjacent with {a, b}. Then 
e(D - {x~,xI,x~,~, b,c}) d [3(n - 8)/2] -- 1 and therefore, by induction hypothesis, 
there is a t-permutation rr’ of D - {x~~,x~,x2, a, b, c}. Hence 0 = (xa,a)(xi,c)(xz, b)o’ is 
a required t-permutation of D. So let us suppose that n = 8. Then there are vertices xs 
and x4 in D - {x~,x~,x~} such that d(x3,D) = 3, x3 and x4 are not adjacent. Let a,E 
and c be the remaining vertices of D’ = D - (x0, . , x4). Since e(D’) < 1 we may 
suppose that c is not adjacent with a and b. Then 0 = (xo,a)(xl,c)(xl, b)(x3,xJ) is a 
t-permutation of D. If n=6 then D- {x0,x1,x2} is a triangle and ~=(x~,~)(xo,x~)(~.c:I 
is a required permutation, where V(D - (x~,xI,x~}) = {a, b,c}. 
Case 3: d(xl) = 1. 
If n = 6 then D is the disjoint union of a cycle Cd = (~1, ~2, ~3, ~4, ~1) and an isolated 
arc (x0,x1). In this case 0 = (xo,y2)(xi,y4)(yi,ys) is a t-permutation of D. 
If II 3 6 then there is a vertex x2 such that d(xz,D) > 3. 
Let us suppose that d(x2,D) > 5. Then there is a vertex x3 in D - {xo,xI,x~:~ 
such that x3 is not joined to x2 by a symmetric arc. There is a t-permutation 0’ 
of D’ = D - {xo,x~,x~,x~}. Hence one of the permutations: o-1 = (xo,x~)(x~,x~)~~ or 
02 = (x0,x3)(x1 ,x~)cJ’ is a required t-permutation of D. 
Let us suppose now that LI(x2, D) = 4. Then for n 3 8 there is a vertex x3 in D -~ 
{x0,x1} not adjacent with x2. Set o’ to be a t-permutation of D’ = D - {x~,x1,x2,x3}. 
Then both permutations ~1 and 02 are t-permutations of D. 
Finally, we assume that there are no vertices of degree greater than 3. For n > 10 
there are at least three vertices x2, x3, x4 of degree 3. We may suppose that x2 and x3 
are not joined by a symmetric arc. Let cr’ be a t-permutation of D’=D - {x0,x, ,x2,~3J. 
Then rri or cr2 is a t-permutation of D. 
When n = 8 there are at least two vertices of degree 3. If there are two vertices 
x:! and x3 of degree 3 such that they are not joined by a symmetric arc then the rest 
of the proof runs as before. Otherwise, there are exactly two vertices of degree 3 and 
four vertices of degree 2 in D. We choose one vertex x2 of degree 3 and one vertex 
x3 of degree 2 such that, x2 is not adjacent to x3. Then rri and rr2 are t-permutations 
ofD. 0 
Lemma 4. Zf 6(D) = 2 then there is a t-permutution of D. 
Proof. The proof of Lemma 4 is divided into a sequence of claims. The first one is 
evident. 
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Claim 1. If uo and uo are such vertices of D that d-(vo,D) = 0 and d+(uo,D) = 0 
then there is a t-permutation of D, see Figs. 3 and 4. 
Claim 2. If n is odd and there is a vertex vo in D such that d+(vo,D)=d-(vo,D)= 1 
then there is a t-permutation of D. 
Proof. The digraph D - { vg} verifies the induction hypothesis, hence it is embeddable. 
Let ~9 be a t-permutation of D - (00). Since n - 1 is even, 0’ has no fixed point and 
(vo)~’ is a t-permutation of D. 0 
Claim 3. If ug and vo are such vertices of D that (UO, VO) E A, (vo,uo) @ A and 
d+(uo,D) = d-(uo,D) = 1. Then there is a t-permutation of D, see Fig. 5. 
Claim 4. If there are two adjacent vertices vg and v1 such that d(vo, D) =d(vl,D)=2 
then there is a t-permutation of D, see Fig. 6. 
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Fig. 6. d(uo,D) = d(al,D) = 2 
(b) (4 
Fig. 7. 
Proof. If 00 and vi are joined by a symmetric arc then we consider two nonadjacent 
vertices x0 and xi of D- {uo,u~}. Let c’ be a t-permutation of D’=D- {UO,UI,XO,XI}. 
Then (vo,xo)(u~,x~)o’ is a t-permutation of D. 
From now on, we assume that the arc joining ug to vi is not symmetric. Suppose 
that ua and UI have a common neighbour u. By the induction hypothesis, D - {IJO, cl } 
has a t-permutation (T’. Then (uo,~Q)(T is a t-permutation of D unless iz is odd, u is 
a fixed point of cr’ and the arcs <ug, u>, <vi, u > have the same orientation. Then 
one of the vertices ~0, 01 verifies the assumption of the Claim 3. 
So, we may assume that ug is adjacent with a vertex ~2, v2 # 01, vi is adjacent with 
~3, 03 # va, us # ~2. Then, by Claims 1 and 3 arcs <~a,212 >, <vi,v3 > have the same 
orientation. Without loss of generality we may assume that (~0, ~2) E A and (oi, ~3) E A. 
If v2 and us are joined by a symmetric arc then (02, ~3) is not one of the transpositions 
in the decomposition of any t-permutation of D’ = D - {VI, ~9) O’ into vertex disjoint 
cycles and therefore 0 = (00, vi )a’ is a required t-permutation. So we may suppose that 
there is no symmetric arc joining v2 with vs. The reader may easily check that each 
t-permutation of the digraph D - (~0, ~1, v2,ug) may be extended to a t-permutation of 
D by adding two vertex disjoint transpositions on the set {v0,ui,v~,~3}. So we may 
suppose that the vertices ~0, vi, v2 and v3 are incident with at most five arcs. Without 
loss of generality we may assume that d(us, D)=2. Let us suppose, first, that the vertices 
u2 and v3 are adjacent. A subdigraph induced by {u~,zQ,u~, ~3) is depicted in Fig. 7. 
In the case pointed out in Fig. 3(a) we apply the induction hypothesis to the digraph 
D - {VO, ~3) and then we extend a t-permutation 0 of D - (~0, ug} to o = (~0, vs)~‘. 
In the case pointed out in Fig. 3(c) we apply Claim 3 and in the remaining cases we 
apply Claim 1. 
So we may assume that v2 and ~3 are not adjacent and d(vz, D)= d(q,D) = 2. 
Without loss of generality we may suppose that (~1, ~0) E A. Applying Claim 3 we: 
deduce that d+(v2, D) = 0. Then using Claim 1 ends the proof of Claim 4. C 
Claim 5. Zf there are six vertices q, . . . , ~6 of D such that lN(Ui,D)I=2 and N(TI(, D)fl 
N(Oj, D) = 0 for 1 < i <j < 6 then, there is a t-permutation of D. 
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Fig. 8. d(l;,,D) = 2, 1 N(Ui,D) 1 = 2(i = 1,. ,6). 
Fig. 9 
Proof. To prove Claim 5, it is sufficient to consider a t-permutation G’ of D’ = D - 
{Ul, . ..> ug} and extend it to a t-permutation of D by adding three disjoint transpositions 
on the set (~1, . . . . 06). Observe that it may be supposed that 0 does not contain any 
transpositions of two neighbours of the same vertex ni (i= 1, . . . , 6) (Fig. 8). We leave 
the details to the reader. Cl 
Claim 6. Zf D contains an even cycle C = (~1, VI, 242, 212, . . ., Uk, Uk, ul) such that 
d(q,D)=2 for i= 1, . . . . k then there is a t-permutation of D. 
Proof. Suppose first that the number i(C) of arcs incident to C is at least 3k (Fig. 
9). Then D’ = D - v(C) has a t-permutation 6’ and 0 = (zq,oi) . . (uk, uk)d is a 
t-permutation of D. If i(C) <3k then there are ia and jo, io # jo, such that Ui,, and 
UjO are adjacent and min{d(ui,,D),d(ujO,D)} = 3. Without loss of generality we may 
suppose that io <jo and jo - ia is as small as possible. We consider two cases. 
Case 1: k=2. 
There are two vertices a and b in D - V(C) that are not adjacent. Let c’ be a 
t-permutation of D’ = D - {ul,q,u2,v2,a,b}. Then c = (ul,a)(u2,b)(ul,v2)a’ is a t- 
permutation of D. 
Case 2: k> 2. 
Without loss of generality we may suppose that io = 1 and d(Uj,, D) = 3. Then e(D - 
{ul, ll21 ...> Ujo, 019 v2~ ...> vj,}) <3((n - 2jo) - 2)/2 and there is a t-permutation 8’ of 
D-(~1, . . .,ujo, 01, . . . ,Ujo}. Hence o=(u~, VI)(UZ, ~2). . . (uj,, uj,)B’ is a t-permutation 
ofD. 0 
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Fig. 10 
Claim 7. There are three vertices VI, 1~ and u (Fig. 10.) such that 
(1) d(v,,D) = d(v2,D) = 2; 
(2) IN(Vl,D)I = lN(v2,~>1 = 2; 
(3) N(Vl,D) nN(v2,D) = {u}. 
Then either there is a t-permutation of’D or d(u,D) > 4. 
Proof. Observe that by Claim 4 we may assume that VI and ~2 are nonadjacent and any 
vertex of N(vl,D)UN(v2,D) has the degree at least 3. Let us denote N(vl,D)= (11,x) 
and N(u~,D)={u,~}. By Claim 6 we may assume that x # y. Suppose that d(u,D)=3. 
Let s be the third neighbour of U. By Claims l-3 it is sufficient to consider seven cases. 
In each of them we find a t-permutation r~ of D. 
Case 1: x = s. 
In the remaining cases we assume that s # x and s # y. 
Case 2: (s,y) E A. and (y,s) E A. 
In cases 3-7 we assume that vertices s and x are not joined by a symmetric arc and 
vertices s and y are not joined by a symmetric arc. 
Case 3: <1:1,x>, <u,s>, <vl,u>, < ~2, u > and <y, Q > have the same orien- 
tation. 
Case 4: <vl,u>, <vz,u>, <u,s>, <x,vl> and <y,v2> have the same orien- 
tation. 
Case 5: n is even and <uI,x>, KU,S>, <cz,y>, <u,1;1> and <L~,u> have 
the same orientation. 
Case 6: <v~,x>, <u,s>, <vz,y>, <VI,U> and <VZ,U> have the same orien- 
tation. 
Case 7: II is even and <x, VI >, <s, u >, CJJ, ~‘2 >, <III, u > and < 19, II > have 
the same orientation. 
Set D{=D-{v~,v2,u,x}, Di=D-{v~,v2,u,y}, Dj=D-{u~,v~,u,s} and D:= 
D - {v,, 112). Denote by G( a t-permutation of D:, i = 1,2,3,4. In Cases l-4, (T = 
(x, cl )(u,v~)o{ is a t-permutation of D. In Case 5 if x is not adjacent with s or 
arcs <x,s > and < ~1, U> have the same orientation then (T = (u, VI )(x, z’z)r~{ is a 
t-permutation of D. If arcs <x,s > and < UI,U > have the opposite orientation, then 
g = (G~,v~)(u,s)o~ or c = (v~,u)(vz,s)G~ is a t-permutation of D. In Case 6 if x 
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Fig. 11. x1 and u are nonadjacent. 
is not adjacent with s or arcs <x,s > and <vi, u > have the opposite orientation 
then cr = (u, ~i)(x, v2)ai is a t-permutation of D. If y is not adjacent with s or arcs 
< y, s > and < ~2, u > have the opposite orientation then 0 = (u, v2 )(y, vi )oi. Otherwise 
G = (v~,v~)(u,s)~$ or (7 = (vi,u)(v2,s)cr~ is a t-permutation of D. Finally in Case 7 if 
x and y are joined by a symmetric arc then d = (vi, v&i is a t-permutation of D. 
Otherwise 0 = (vl, v~)(x,u)~~ or (T = (vi, vz)(y, u)ai is a t-permutation of D. 0 
Claim 8. Let v1 and v2 be two vertices of degree 2 such that 
(1) IN(vl,D)I = IN(v2,D)l = 2, 
(2) lbVt~l,D) nNt~2,D)l = 1, 
and let u, x1 and x2 be such vertices (Fig. 11.) that N(vl,D)= {u,xl} and N(vz,D)= 
(24x2). IfN(u,D) rl N(xl,D) = {VI} and the arcs <vl,xl > and <vz,u> have the 
same orientation then there is a t-permutation of D. 
Proof. Note that by Claim 4 the neighbours of vi and 02 have degree at least 3. 
Then D’= D - {v1,v2,u,~l}r o = (x~,v~)(u,v~)cT’ or d = (u,vI)(x~,v~)~’ where 6’ is a 
t-permutation of D’. 0 
Definition 1. Let k 2 3, 1 2 0. A water-wheel W = W(k, 1) with a center w is an in- 
duced subdigraph of D such that V(W) = {w, vl, . . . , t&Xi, . . . , Xk,yi, . . . , yl}, 
xi fw, i=l, . . . . k, N(w,D)={vl,... vk,yl, . . . . yt}, d(vi,D)=2, N(vi,D)={w,xi}, 
i= 1, . . . . k, d(yj,D) > 3, j = 1, . . . , 1. 
By Claims 4 and 5 it may be supposed that in every water-wheel xi # xj for i # j, 
d(xi,D)>3fori=l,..., kand{xi ,..., Xk}n{ai ,..., ak}=@. 
Claim 9. If there is a water-wheel W(k, 1) and three vertices ~1, ~2, u3 of degree 2 
such that N(vi,D) n N(vj,D) = 8 for i # j, i, j = 1,2,3 and N(v,,D) n N(u,,D) = (b 
for p, q = 1,2,3 (see the Figure 12) then there is a t-permutation of D. 
Proof. We use the notation introduced in Fig. 12. Let A = {VI, ~2, v~,u~,u~,u~}, D’ = 
D -A and 0’ be a t-permutation of D’. It is sufficient to consider only the case when 
o’[N(A,D)] = N(A,D) unless n is odd, one of the vertices of N(A,D) is the fixed 
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Fig. 12. 
point of the permutation 0’ and there is exactly one vertex a of N(A,D) such that, 
o’(a) $ (r’[N(A,D)]. We consider three cases: 
Case 1: d(w) = Xl. 
Without loss of generality we may suppose that I’ 9 {zi ,ZZ} and cr’(xs ) E 
{z3,z4}. Then c = (ul,u2)(u2,u3)(~1,u3)~‘. 
Case 2: a’(w) = ~1. 
Observe that we always have one of the following three subcases: either cr’(z2) E 
{x1,x2,x3}, d(z2) = u1 say or 0’(q) E {z3,z4,zs,zg}, d(z2) =z3 or else z2 is the fixed 
point of the permutation rr’. 
Subcase 1: d(z2) = x1. 
If 0/(x2) =x3 then (T = (u~,u~)(u~,u~)(u~,v~)~‘. 
If o’(X2) #X3 then fJ = (~2,~3)(u1,u2)(u1,#3)~‘. 
Subcase 2: d(z2) = z3. 
Suppose first that there are i, j E { 1,2,3}, i <j, such that b’(q) =Xj. Let o’(xi ) =x2. 
Then 0 = (U1,U3)(u1,03)(u2,u2)fJ’. So we may assume that none of transpositions 
(xi ,x2), (x2,x3) or (x1,x3) is the factor of the t-permutation cr’. Hence we may suppose 
that cr’(xi) = ~4, or I’ = zg. If cr’(xi) = 24, then g = (u~,u~)(u~,u~)(u~,u~)~‘, if 
O/(X,) =zg then (T = (uI,u~)(u~,u~)(uI,u~)o’. 
Subcase 3: d(z2) = ~2. 
We proceed as in Subcase 1 unless 0/(x2) # x3 and b(xi) E {zs,z4}. In the last case 
0 = (ul,%)(ul,u2)(u2,u3)~‘. 
Case 3: a’(w) = w. 
At least one of the permutations (01,lli)(u2,Uj)(u3,uk)~ (i # j # k # i) is a t- 
permutation of D. ??
Claim 10. If there is a water-wheel W(k, 0), k > 3 in D then there is a t-permutation 
of D. 
Proof. Let W = W(k,O) be a water-wheel, V(W)={w,ul, . . ., vk,xI, . . ., xk} (Fig. 13). 
If there are two vertices ui and Uj (i # j) such that the arcs <ai,xi > and < Uj, w >. 
have the same orientation, then the proof is completed by Claim 8. Therefore, all the 
arcs <xi,ui> and <vj,w> (i,j=l,..., k) have the same orientation. Without loss of 
generality we may suppose that (xi, Vi) E A and (Vi, w) E A for i = 1, . . , k. If n is odd 
then the proof follows by Claim 2. So we assume that n is even. By Claim 7 we may 
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suppose that k 2 4. Then D’ = D - {VI, ~2, ~3, vd} and the reader may easily check that 
one of the permutations, (vi, ~,)(a,, 0,)~’ where p # q # r # p, is a t-permutation of 
D. 0 
Claim 11. If there are at least two vertices 01, 212 such that d(vi,D)=2 and IN(vi,D)l= 
1 for i = I,2 then there is a t-permutation of D. 
Proof. By Claim 2 we may suppose that n is even and by Claim 3 that the neighbour 
of vi has a degree greater than or equal to 3. 
Case 1: There are two vertices vi and v2 such that d(vl,D)=d(vz,D)=2, IN(vl,D)l= 
IN(vz,D)I = 1 and N(vl,D) =N(vz,D). 
The digraph D is clearly embeddable in the required way (D’ = D - {VI, vz}, o = 
(4, u2kJ’). 
Case 2: There are three vertices vl,v2 and vg such that d(vi,D) = 2, IN(vi,D)l = 1 
and N(vi,D) n N(vi,D) = 8 for i, j = 1,2,3 and i # j. 
Let Ui be the neighbour of vi, i= 1,2,3 and x E V(D)-{V~,V~,V~,U~,U~,U~}. Observe 
that d(uj,D) 2 3 for i = 1,2,3. Set D’ = D - {v~,v~,v~,u~,u~,u}, where u = us if 
there are at least nine arcs incident with {ui, ~2, ~3, UI, ~2,243) or else u = x. Then 
0 = (V > 02 )(uz,v’3 Ku, 01 10’. 
Case 3: There are three vertices vi, v2 and vg such that d(viD) = 2 for i = 1,2,3, 
IN(vi,D)l = 1 for i= 1,2, IN(uj,D)I =2, N(v~,D)nN(vj,D)=~ for j=2,3 and the 
neighbour of v2 is adjacent with vs. 
We use the same arguments as in Case 2. 
Case 4: There are four vertices vl,v2, ~3, v4 of degree 2 with pairwise different neigh- 
bours such that IN(ui,D)l = 1 for i = 1,2 and lN(Oi,D)I = 2 for i = 3,4. 
Denote N(vi,D) = {xi} for i = 1,2 and N(v3,D) = {x3,x4}, N(v4,D) = {xg,xg}. 
Define D’ = D - {VI, ~2, ~3, ~4). Observe that it is sufficient to consider G’, which is 
a t-permutation of D’, such that ~‘({xi, . . , x6)) = {xl, . . , x,5}. If I’ = x2 then 
0 = (~1, vs)(v2, v4)~’ is a t-permutation of D. Otherwise without loss of generality we 
assume that ~‘(xr )=x3 and we consider two cases, u’(x~ ) =x4 or a’(_~) =x5. In the first 
one a=(~,, v~)(Q, v4)0’, in the second one a=(vi, u4)(2)2, u3)c7’ is a t-permutation of D. 
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Estimating the size of D we easily obtain: 
Remark. Suppose that there is a water-wheel in D. Then there are at least four vertices 
of degree 2 not contained in this water-wheel. 
By Claim 6 and the above remark we conclude that the cases 14 cover all possi- 
bilities with at least two vertices u; of degree 2 such that lN(c,,D)I = 1. 3 
Claim 12. If there is exactly one vertex v of degree 2 such that IN( = 1. Then 
there is either a t-permutation of D or the neighbour u of ~1 has degree at least 4 
and all vertices of degree 2 adjacent with u have no other common neighhours \rlith 
vertices of degree 2. 
Proof. By Claims 2 and 3 we may suppose that n is even and u has degree greater 
than or equal to 3. We consider two cases: 
Case 1: There are two vertices vi and 2:~ of degree 2 such that N(tll,D) = {U,.XI } 
and N(Q, D) = {xi,x2}. 
Then D’ = D - {v,v~,u~,u,x~,x~} and IT = (v,x~)(c~.u)(x~,~~)c’ is a t-permutation 
of D. 
Case 2: There are two vertices vi and v2 of degree 2 with pairwise different neigh- 
bours such that <u, v, > @ A, i = 1,2 and u has two neighbours. 
Let N(a,,D) = { x1,x2}, N(q,D) = {x3,x4} and N(u,D) = {L’,s}. Set D’ = D ~ 
{z’, vl,v2, u} and g’ is a t-permutation of D’. Let us first suppose that s E (xi, , x4). 
For instance s = xi. If a’(s) = x2 then c = (v,vI)(u,G~)~~‘. If, a’(s) E {~3,xd}, then 
~=(v,LQ)(u, G~)(T’. If U’(S) 6 {x2,x3,x4} then CJ is one of the two permutations described 
above. In every case 0 is a t-permutation of D. 
Let s &I {xi, , x4). If (T’(S) E {xi. . , x4) and for example a’(s) = XI or a’(s) @ 
{xi, . , x4} then cr = (v, z)i)(u, UZ)~J’ is a t-permutation of D. Observe that if u has 
two neighbours then there are always two vertices vi, v2 of degree 2 described in 
Case 2. ‘Z 
Claim 13. Let el;ery vertex of degree 2 has two dtj$erent neighhours. If’ there exist 
exactly r water-wheels in the digraph D.r = 0,1,2,3 then there is a t-permutation 
of D. 
Proof. The main idea of the proof is to estimate the size of D and then use Claims 
5 and 9. We start with notation. Let PI’, denote a water-wheel with center n, for 
i = 1, . , r. By tw we denote the number of arcs joining two centers. A symmetric 
arc is calculated as one arc. We divide the centers’ neighbours with at least degree 
three into r disjoint subsets. Let tj denote the number of such vertices adjacent with 
exactly i centers, i = 1, . . . , r. Now we divide the centers’ neighbours with degree 2 
into two subsets. Let pj denote the number of such vertices adjacent with exactly j 
centers, j = 1,2. A number ck is the cardinality of the set Ck of vertices which are 
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the common neighbours of two vertices of degree two of k different water-wheels. We 
ignore the centers in this calculation. Observe that in this case k = 2. By the Claim 7 
the vertices of CZ have a degree at least 4. 
The path P = (uo,x~,x~, . . . , xzk+l, ug) is a waue if d(ua,D) = d(vs,D) = d(X2i) = 2 
(i = 1, . . . , k) and the vertices us, us and xzi are not contained in any water-wheel. A 
wave P is maximal if it is not contained in a longer wave and us, us are called the 
end-vertices of maximal wave P. Then ff’ is the number of maximal waves of length 
2(Z - 1) such that end-vertices have i common neighbours with vertices of degree two 
in water-wheels (observe that i E (0, 1,2} and the common neighbours have degree at 
least 4). If u is a vertex of degree 2 such that u has no common neighbours with any 
other vertices of degree two then it is a wave of length 0. 
If there exists a wave of length at least 20, then there are at least six vertices of 
degree 2 such that any two of them have no common neighbours and there is a t- 
permutation of D by Claim 5. Observe that 
i(ti + 2t2 + 3t3 + ~1 + ~2) G Cd(wi,D), 
WI 
pi+ ~2 G Cd(u,D), 
” 
where u is a neighbour of wi such that d(v, D) = 2. 
;(ti + t2 + t3 - tw) < Cd(y,D), 
Y 
where y # Wi, y is a neighbour of wi such that d(y,D) > 3. 
Estimating the size of D we obtain 
$(n - 2) > e(D) 
~~[tl+2t2+3t3+p1+2p2+2(pl+p2)+3(tl+t2+t3-t,)+4C2 
+&:‘(2[ + 4(Z - 1)) + 5f:‘(2z+ 41) + Efi’(2Z + 4(Z + 1)) 
i=l i=l i=l 
+3(n - [Y + p1 + p2 + t1 + t2 + t3 - tw + c2 
lo 21 +go (21 - 1) + ,$f 9 + %‘w + 1 >l)l. 
i=l 
Since c;z, f,” > tl + 2t2 + 3t3 + p2 + c2 + Ciz, ff - 3r + 6, by Claim 10, tl + 
2t2 + 3t3 > r and the Claim 6 implies that q = p2 + c2 + C;i, fil < max{O,r - 1). 
So there are r water-wheels and at least q + 7 - 2r vertices of degree 2 with pairwise 
different neighbours in D. We can apply Claim 9 for r = 1,2,3 and Claim 5 for r = 0. 
0 
Claim 14. Let r E {0,1,2,3}. Suppose that there are exactly r vertices Ui, i= 1, . . ., r 
such that each of them is the common neighbour of at least three vertices of degree 
2 with two direrent neighbours. Then there is a t-permutation of D. 
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Proof. We use the same method as in the proof of Claim 13. By Claims 11 and 13 
we may assume that there is exactly one vertex u of degree 2 such that ]N(v, D)] = 1. 
Denote by u the neighbour of u. By Claim 12 we obtain four cases. 
Cuse 1: The vertex v is the only neighbour of degree 2 of the vertex u and 
d(u,D) 3 4. Observe that there are r water-wheels in D. In this case we repeat the 
proof of Claim 13 but with the following estimation of the size of D 
i(n - 2) > e(D) 
+-&‘(21+ 4(1 - 1)) + -9(21-t 41) + $9’(21f 4(1+ 1)) 
I=1 i=l I=1 
+3(n - [Y + pi + p2 + ti + t2 + t3 - t, + c2 
+&;‘(21- 1) + &21+ &:72r + l)] - 2) + 2 + 41. 
!=I i=l j;=, 
Case 2: The vertex u is the neighbour of an end-vertex of a wave f of length 0. 
Observe that then there are r water-wheels and the end-vertices of the wave f have 
no neighbours contained in any water-wheel. Estimating the size of D we obtain, 
i(fi - 2)> e(D) 
3 ;ct1 + 2t2 + 3t3 + p1 + 2p2 + 2(p1 -t p2) + 3(t, + t2 + t3 - tM.) + 4c* 
+Ef:‘(21+4(1- l))+~f:‘(2l+4z)+~f;‘(21+4(1+ 1)) 
i=l i=I i=l 
+3(n - [r + p1 + p2 + t1 + t2 + t3 - t, f c2 
+&i/(21 - 1) + 5 f y21+ &:‘(21+ l)] - 1) + 21. 
I=1 1=1 i=l 
Hence there are r water-wheels and at least q+6-2r vertices of degree 2 with pairwise 
different neighbours such that their neighbours are not contained in any water-wheel. 
We can apply Claim 9 for Y = 1,2,3 and Claim 5 for Y = 0. 
Case 3: The vertex u is the neighbour of exactly two vertices ~1, u2 of degree 2 
(then (u~,u,Q) is a wave of length 2). 
Notice that there are r water-wheels in D and the end-vertices of f have no neigh- 
bours contained in any water-wheel. We estimate the size of D again and in this case 
we obtain 
i(n - 2) > e(D) 
3 $1 + 2t2 + 3t3 + PI + 2p2 + 2(J’, + p2) + 3(t, + t2 + t3 - tw) + 4C2 
+Ef;'(21+ 4(1- 1)) + -&(21-t 41) + &;‘(21+ 4(1_t 1)) 
I=1 1=l i=l 
636 A.P. Wojda, I A. Ziobl Discrete Mathematics 165/166 (1997) 621438 
+3(n - [1. + p1 + pz + tl + t* + t3 - t, + c2 
+Lg”;‘(2z - 1) + 5f :121+ &:‘(21+ I)] - 1) + 21. 
i=l i=l 
The rest of the proof runs as in Case 2. 
Case 4: The vertex u is the neighbour of at least three vertices of degree 2 such that 
a subdigraph induced by their neighbourhood is a water-wheel. We apply the arguments 
of the proof of Claim 13, with wt replaced by U. 0 
Claim 15. Let every vertex of degree 2 have two d@erent neighbours. If there exist 
at least four water-wheels in the digraph D then, there is a t-permutation of D. 
Proof. Choose four water-wheels Wi with centers wi (i = 1, . . . , 4). We use the same 
method as in the proof of Claim 13. We also follow the notation of this proof. Because 
of a greater number of water-wheels in D we need ti for i= 1,. . ,4 and ck for k=2,3,4. 
By Claim 7 the vertices of Cz have the degree at least 4. By Claim 10 the vertices 
of Cl have degrees at least I+ 1, for 1= 3,4. Let m denote the number of vertices of 
degree 2 that are not contained in the four water-wheels. 
Observe that 
i(tl + 2t2 + 3ts $4t4 + pt + Pz) d Cd(wi,D); 
w, 
PI + ~2 d Cd(v,D): 
” 
where v is a neighbour of Wi such that d(v, D) = 2. 
;(tt + t2 + t3 + t4 - tw) d Cd(y,D), 
Y 
where y # Wi, y is a neighbour of wi such that d(y,D) 3 3. 
We may estimate the size of D 
i(n - 2) > e(D) 
> ;rt1 + 2t2 + 3t3 + 4t4 + p1 + 2p2 + 2(p1 + p2) + 3(t1 + t2 + t3 + t4 - t,) 
+4C2 + 4C3 -t 5C4 + 2m 
+3(n - 14 + tl + t2 + t3 + t4 - tw + pl + p2 + c2 + c3 + c4 + ml)]. 
By Claim 10, tl + 2t2 + 3t3 + 4t4 z 4. Since m 2 - 1 + p2 + c2 + c3 + 2c4 and 
Claim 6 implies that 0 d c4 + c3 < 1 and 0 < p2 + c2 ,< 3. Moreover, if c4 = 1, then 
c3 = c2 = p2 = 0 and if cs = 1, then c2 + p2 < 1. We consider seven cases: 
1. c4 = 1 (m 3 1); 
2.C4=O,cs=l,c2+p2=1 (m>l); 
3. c4 = 0, c3 = 1, c2 + p2 = 0 (m 2 0); 
4. C4 = 0, c3 = 0, c2 + p2 = 3 (m > 2); 
5. c4=0, c3=0, c2+p2=2 (ma 1); 
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6. c4 = 0, c3 = 0, c2 + p2 = 1 (m > 0); 
7. c4 = 0, c3 = 0, c2 + p2 = 0 (m 3 0); 
In every case we may find a water-wheel and three vertices ~1, 2~2, us of degree 2 such 
that the vertices ul, UZ, 243 have no common neighbours with the vertices of degree 2 
in the water-wheel and they have pairwise different neighbours. So we can apply 
Claim 9. C 
Claim 16. Suppose that there are at least four vertices u, such that each of them 
is the common neighbour of at least three vertices qf degree 2 with tb+*o neighhours. 
Then there is a t-permutation of D. 
Proof. We use the same method as in the proof of the Claim 15. We follow the 
notation of this proof but now m denotes the number of the vertices of degree 2 which 
are not adjacent with any ui and which have two different neighbours. By Claims 11 and 
15 we may assume that there is only one vertex 2: of degree 2 such that N(v, D) = {u}. 
By Claim 12 we obtain the same four cases as in the proof of Claim 14. In the first one 
we can repeat the proof of Claim 15. In the second and third we obtain at least four 
water-wheels and at least one vertex of degree 2 with two neighbours not contained 
in any of these water-wheels. Then we may apply Claim 9. In the last case we repeat 
the proof of Claim 15, with wi replaced by u. C 
Notice that the proofs of Claims 14 and 16 end the proof of Lemma 4. 0 
By estimating the size of D we obtain that 6(D) < 2 which completes the proof of’ 
Theorem 4. 0 
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